Signatures of merging Dirac points in optics and transport by Carbotte, J. P. & Nicol, E. J.
ar
X
iv
:1
90
8.
02
79
6v
1 
 [c
on
d-
ma
t.m
es
-h
all
]  
7 A
ug
 20
19
Signatures of merging Dirac points in optics and transport
J. P. Carbotte1,2 and E. J. Nicol3∗
1Department of Physics and Astronomy, McMaster University, Hamilton, Ontario L8S 4M1, Canada
2The Canadian Institute for Advanced Research, Toronto, ON M5G 1Z8, Canada and
3Department of Physics, University of Guelph, Guelph, Ontario N1G 2W1, Canada
(Dated: August 9, 2019)
We consider the optical and transport properties in a model two-dimensional Hamiltonian which
describes the merging of two Dirac points. At low energy, in the presence of an energy gap parameter
∆, there are two distinct Dirac points with linear dispersion, these are connected by a saddle point
at higher energy. As ∆ goes to zero, the two Dirac points merge and the resulting dispersion
exhibits semi-Dirac behaviour which is quadratic in the x-direction (“nonrelativistic”) and linear
the y-direction (“relativistic”). In the clean limit for each direction (x, y) the contribution of the
intraband and interband optical transitions are both given by universal functions of photon energy
Ω and chemical potential µ normalized to the energy gap. We provide analytic formulas for both
small and large Ω/2∆ and µ/∆ limits. These define, respectively, Dirac and semi-Dirac-like regions.
For Ω/2∆ and µ/∆ of order one, there are deviations from these asymptotic behaviors. Considering
optics and also transport, such as dc conductivity, thermal conductivity and the Lorenz number,
such deviations provide signatures of the evolution from the Dirac to the semi-Dirac regime as the
gap ∆ is varied.
I. INTRODUCTION
Following the isolation of graphene in 2004, there
has been intense interest in its electronic properties.1
This was soon followed with the discovery of topological
insulators2,3 and more recently three-dimensional Dirac
and Weyl semimetals4, materials which exhibit many
novel exotic properties. The field of topological ma-
terials represents a very active new and exciting fron-
tier in condensed matter physics.5–7 Optical studies of
electronic systems have provided a wealth of important
and detailed information on charge dynamics including
the high Tc superconducting cuprates
8,9, graphene10,11,
topological insulators12, Dirac and Weyl materials13–15,
to give a few examples. The experimental work has also
been informed and supported by many theoretical stud-
ies including works on graphene11, on Dirac and Weyl
semimetals16–18 and multi-Weyl19.
The possibility of the merging of Dirac points in two
dimensional crystals has received much attention.20,21
A universal Hamiltonian to describe this situation was
introduced by Montambaux et al.22,23 which was sub-
sequently used to describe many properties associated
with this Hamiltonian. These include the calcula-
tion of the electronic density of states and specific
heat23, Bloch-Zener oscillations24, interband tunneling25,
the role of winding numbers26, Friedel oscillations27,
the corresponding Hofstadter spectrum28, screening and
plasmons29, interplay between topology and disorder30,
Hall viscosity and relation to Berry curvature31. We also
note an experimental realization in optical lattices32 and
another in microwave cavities33.
In this paper, we consider both optical and transport
properties. Recently Adroguer et al.34 have considered
in the diffusive limit some aspects of the transport and
optics using both a Boltzmann and a diagrammatic ap-
proach with particular emphasis on anisotropy in the
residual scattering that has its origin in the semi-Dirac
nature of the model. In one direction, the band structure
is “relativistic” (energy is linear in momentum), while in
the other it is “nonrelativistic” (energy is quadratic in
momentum). Ziegler et al.35 have considered the opti-
cal conductivity within a tight-binding model which in-
cludes a high energy van Hove singularity. They also
discuss the diffusion regime. In another recent work,
Mawrie and Muralidharan36 calculate the optical con-
ductivity numerically from a Kubo formula and present
results for one particular set of parameters characteriz-
ing the Hamiltonian which depends on an energy gap ∆,
an effective mass m describing motion in the x-direction
and a velocity v for the relativistic propagation in the y-
direction. A specific value of the residual scattering rate
is also used.
Here, we will use the continuum model of Ref. 23 and
focus on the clean limit. We will show that the conduc-
tivity can be reduced to universal forms valid for any
value of m, ∆, and v. The forms are different for the lon-
gitudinal conductivity in the x and y directions and for
inter- and intraband transitions. In each case, they are
reduced to a single integral over angle with an integrand
analogous to that which enters elliptic integrals.
The necessary formalism is presented in section II,
where our continuum Hamiltonian is specified and the
Kubo formula for the optics is given. The clean limit is
introduced in section III along with formulas for inter-
and intraband contributions to the real part of the dy-
namic conductivity, reduced to universal forms involving
a single integral applicable to any value of ∆ which sim-
ply scales the energy. Analytic results are provided in
some simplifying limits. In section IV, we present our
numerical results for the interband part of the conduc-
tivity as a function of photon energy normalised to 2∆.
We compare our results with our analytic results for the
limit of Ω → 0, which reduces to a pure Dirac behavior,
2while in the large Ω limit semi-Dirac37 applies. In sec-
tion V, we turn our attention to the variations in trans-
port coefficients as the magnitude of the gap is varied and
the transition to semi-Dirac progresses. We treat the dc
electrical conductivity, the thermal conductivity, and the
Lorenz number, and present results both as a function
of doping (chemical potential) at zero temperature and
for variation with temperature at zero doping. In section
VI, we provide our final summary and conclusions.
II. THEORETICAL FORMALISM
This work is based on the two-dimensional continuum
Hamiltonian used to describe the merging of two Dirac
points into one. It has the form22,23
Hˆ =

 0
h¯2k2x
2m
−∆− ih¯vky
h¯2k2x
2m
−∆+ ih¯vky 0

 , (1)
which reduces to the semi-Dirac form in the limit of
zero gap (∆ = 0). In this limit, the dispersion curves
are quadratic in the x-direction and linear in the y-
direction. The energy dispersion Ek has the form Ek =
±
√
(
h¯2k2x
2m −∆)2 + h¯2v2k2y, with v the “relativistic” ve-
locity and m the effective mass associated with the x-
direction. Fig. 1 provides a schematic representation of
this energy dispersion for finite ∆ and ∆ = 0, the lat-
ter being the usual semi-Dirac case. Note that semi-Dirac
dispersions have been theoretically demonstrated in a va-
riety of systems: TiO2/V2O3 nanostructures
38–41, pho-
tonic materials42, and hexagonal lattices under a mag-
netic field43.
The conductivity can be computed from a Kubo for-
mula which depends only on the electron spectral density
matrix Aˆ(k, ω) associated with the chosen Hamiltonian
in Eq. (1). The conductivity is typically discussed in
terms of its longitudinal versus transverse response rel-
ative to the orientation of the applied electric field, for
example σxx and σxy, respectively. In general, the com-
ponent of the real part of the conductivity σij(T,Ω) with
temperature T and photon energy Ω takes the form
σij(T,Ω) = Nf h¯
e2
2Ω
∫ +∞
−∞
dω
2π
[f(ω)− f(ω +Ω)]
×
∫
d2k
4π2
Tr[vˆiAˆ(k, ω)vˆjAˆ(k, ω +Ω)] (2)
with Nf a degeneracy factor which here we take to be 1,
while for graphene it is 4 (associated with valley and spin
degeneracy), e is electron charge and f(ω) is the Fermi-
Dirac function f(ω) = 1/(1 + exp[(ω − µ)/kBT ]), where
µ is the chemical potential, and kB is the Boltzmann
constant. The vˆi are velocity matrices defined as
vˆi =
1
h¯
∂Hˆ
∂ki
(3)
FIG. 1. A schematic of the dispersion curves Ek vs k asso-
ciated with the Hamiltonian of Eq. (1). The left side is for
∆ = 0 (semi-Dirac case) and the right for ∆ 6= 0. The upper
bands above zero for the chemical potential are the conduc-
tion bands and the lower ones, the valence bands. Here, the
blue regions are for occupied states and the red, unoccupied.
The black arrows show allowed optical transitions and the
red, blocked transitions.
and the electron spectral functions are related to the
Green’s function G(k, z) by
Aˆ(k, ω) = −2ImGˆ(k, z = ω + i0+), (4)
with
Gˆ−1(k, z) = zIˆ − Hˆ, (5)
where Iˆ is the identity matrix.
Detailed examples exist in the literature of manipu-
lating these equations to arrive at a final form for the
conductivity, for instance, the case of AA-stacked bilayer
graphene,44 silicene with a tunable gap,45, and a semi-
Dirac α-T3 model
46. Thus, following a similar sequence
of steps, and after considerable, but standard, algebra,
the xx component of the conductivity takes the form
σxx(T,Ω) = Nf
e2
h
4
Ω
√
2mv2
∫ +∞
−∞
dω[f(ω)− f(ω +Ω)]
×
∫ ∞
0
dǫ ǫ3/2
∫ pi/2
0
dφ
√
cosφ[B1Iintra +B2Iinter],
(6)
where
Iintra = A(ω − E)A(ω +Ω− E)
+A(ω + E)A(ω +Ω+ E), (7)
Iinter = A(ω − E)A(ω +Ω + E)
+A(ω + E)A(ω +Ω− E), (8)
with A(x) = (1/π)(Γ/[x2+Γ2]), which introduces a con-
stant impurity parameter Γ, and
B1 =1− ǫ
2
E2
sin2 φ, (9)
B2 =
ǫ2
E2
sin2 φ. (10)
3With regard to the form of the spectral function A(x),
in many-body theory, impurity scattering enters through
a complex self-energy Σ which shifts the electronic en-
ergy by ReΣ and gives a quasiparticle lifetime from ImΣ.
Consequently, A(x) = |ImΣ|/[(x − ReΣ)2 + (ImΣ)2]/π.
We use the simplest model of impurity scattering which
is phenomenological, where ImΣ = Γ and ReΣ = 0. It
is used extensively throughout the literature when dis-
cussing optical and transport properties.
The first term in the square brackets of Eq. (6) de-
scribes the intraband (Drude) processes and the second
term, the interband optical transitions. In obtaining
Eq. (6), we have chosen to transform coordinates from
(kx, ky) to new variables (ǫ, φ) with ǫ
2 ≡ (h¯2k2x/2m)2 +
(h¯vky)
2 and φ = tan−1[(h¯vky)/(h2k2x/2m)]. For the yy
component of the conductivity, we obtain
σyy(T,Ω) = Nf
e2
h
√
2mv2
Ω
∫ +∞
−∞
dω[f(ω)− f(ω +Ω)]
×
∫ ∞
0
dǫ
√
ǫ
∫ pi/2
0
dφ
1√
cosφ
[B2Iintra +B1Iinter].
(11)
Note that
E ≡
√(
h¯2k2x
2m
−∆
)2
+ h¯2v2k2y
≡
√
∆2 + ǫ2 − 2∆ǫ cosφ. (12)
In Fig. 2, we show cross sections of the dispersion en-
ergy for the conduction band. On the left side of the
figure, we show the variation of E as a function of kx for
ky = 0 in the upper frame and on the right hand side, we
show it as a function of ky for kx = 0. We note the quali-
tative differences between the two frames. The right hand
frame shows a pure gapped Dirac behavior which for
∆ = 0 goes into a linear dispersion h¯vky at large ky. The
left frame is very different. It shows a van Hove singular-
ity at kx = 0 and two zeroes at kx = ±k0 = ±
√
2m∆/h¯2.
The velocity out of these nodes is vx =
√
2∆/m which
in general differs from vy = v and vx = h¯kx/m. In the
lower frame of this same figure, we show the energy E
but as a function of the transformed coordinates ǫ and φ
for two values of φ, namely, 0 and π/2. The right frame
is for φ = π/2 and here E shows a gapped Dirac be-
havior E =
√
∆2 + ǫ2 while in the left frame for φ = 0,
E = |∆− ǫ| and the dispersion curves are linear in ǫ.
III. CLEAN LIMIT FOR INTERBAND
CONDUCTIVITY
In the clean limit (Γ → 0), the spectral functions in
Eqs. (7) and (8) reduce to Dirac delta functions. We
begin with the interband optical transitions. These func-
tions reduce to [δ(E + Ω
2
) + δ(E − Ω
2
)]δ(ω + Ω
2
)/2 which
allows the ω integration to be done simply and as E and
FIG. 2. A schematic of the dispersion curve cross sections for
positive energy. The top frames are for the variables (kx, ky)
with (kx, 0) shown on the left and (0, ky), on the right. The
bottom frames are for comparison and show the transformed
variables (ǫ, φ) with φ = 0 on the left and φ = π/2 on the
right.
Ω are both positive, the first delta function in the square
bracket contributes zero. At T = 0 and taking µ ≥ 0, we
obtain
σinterxx (T = 0,Ω) = Nf
e2
h
2
Ω
√
2mv2
θ(Ω− 2µ)
∫ ∞
0
dǫ ǫ3/2
∫ pi/2
0
dφ
√
cosφ
ǫ2
E2
sin2 φ δ(E − Ω
2
) (13)
σinteryy (T = 0,Ω) = Nf
e2
h
√
2mv2
2Ω
θ(Ω− 2µ)
∫ ∞
0
dǫ
√
ǫ
∫ pi/2
0
dφ
1√
cosφ
[
1− ǫ
2
E2
sin2 φ
]
δ(E − Ω
2
). (14)
4For the intraband processes, the product of the two spectral density factors in Eq. (7) reduce to δ(Ω)[δ(ω−E)+δ(ω+E)]
and we obtain in the limit of T → 0
σintraxx (T,Ω) = Nf
e2
h
4√
2mv2
δ(Ω)
∫ ∞
−∞
−∂f(ω)
∂ω
dω
∫ ∞
0
dǫ ǫ3/2
∫ pi/2
0
dφ
√
cosφ
[
1− ǫ
2
E2
sin2 φ
]
[δ(ω − E) + δ(ω + E)]
(15)
σintrayy (T,Ω) = Nf
e2
h
√
2mv2δ(Ω)
∫ ∞
−∞
−∂f(ω)
∂ω
dω
∫ ∞
0
dǫ
√
ǫ
∫ pi/2
0
dφ
1√
cosφ
ǫ2
E2
sin2 φ [δ(ω − E) + δ(ω + E)]. (16)
At zero temperature −∂f(ω)/∂ω becomes a delta func-
tion δ(ω−µ) and for positive chemical potential (µ ≥ 0),
the second delta function in the last square bracket in
each of Eq. (15) and (16) contributes zero to the inte-
gral over ω. This integral can be done by replacing ω by
µ leading to the single delta function δ(E − µ). To do
the remaining integral over ǫ in Eqs. (13)-(16), it is con-
venient to change variable from ǫ to E. The quadratic
equation relating ǫ to E has two solutions
ǫ± = ∆cosφ±
√
E2 −∆2 sin2 φ. (17)
Because ǫ is real, we need the condition E ≥ ∆sinφ and
for ǫ < ∆cosφ, we have to take ǫ− while for ǫ > ∆cosφ,
ǫ+ is needed. After some careful algebra, we arrive at
σinterxx (Ω) = Nf
e2
h
4
√
∆
2mv2
θ(Ω− 2µ)
{
1
4Ω¯2
∫ pi/2
0
dφ
√
cosφ sin2 φ
θ(Ω¯− sinφ)√
Ω¯2 − sin2 φ
[ǫ¯
7/2
− θ(2∆− Ω) + ǫ¯7/2+ ]
}
(18)
σinteryy (Ω) = Nf
e2
h
√
mv2
2∆
θ(Ω− 2µ)
{
1
2Ω¯2
∫ pi/2
0
dφ
1√
cosφ
θ(Ω¯− sinφ)√
Ω¯2 − sin2 φ
× [√ǫ¯−(Ω¯2 − ǫ¯2− sin2 φ)θ(2∆− Ω) +
√
ǫ¯+(Ω¯
2 − ǫ¯2+ sin2 φ)]
}
(19)
with ǫ¯± = cosφ±
√
(Ω/2∆)2 − sin2 φ and Ω¯ = Ω/2∆. For the intraband optical transitions, we obtain
σintraxx (Ω) = Nf
e2
h
4∆
√
∆
2mv2
δ(Ω)
{∫ pi/2
0
dφ
√
cosφ
θ(µ¯− sinφ)
µ¯
√
µ¯2 − sin2 φ
[ǫ¯
3/2
− (µ¯
2 − ǫ¯2− sin2 φ)θ(∆− µ) + ǫ¯3/2+ (µ¯2 − ǫ¯2+ sin2 φ)]
}
(20)
σintrayy (Ω) = Nf
e2
h
√
2mv2∆δ(Ω)
{∫ pi/2
0
dφ
1√
cosφ
θ(µ¯− sinφ)
µ¯
√
µ¯2 − sin2 φ
sin2 φ[ǫ¯
5/2
− θ(∆− µ) + ǫ¯5/2+ ]
}
(21)
with ǫ¯± = cosφ±
√
µ¯2 − sin2 φ with µ¯ = µ/∆.
It is convenient to denote the four universal functions
defined in the curly brackets in Eqs.(18)-(21) by Fxx(Ω¯),
Fyy(Ω¯), Gxx(µ¯) and Gyy(µ¯), respectively. These functions
have simple analytic forms for Ω¯ → 0 and Ω¯ → ∞. We
find:
Fxx(Ω¯→ 0) = pi8 , Fxx(Ω¯→∞) =
Cxx−
8
√
2
√
Ω
∆
, (22)
Fyy(Ω¯→ 0) = pi4 , Fyy(Ω¯→∞) =
Cyy+
2
√
2
√
∆
Ω
, (23)
Gxx(µ¯→ 0) = pi2 µ¯, Gxx(µ¯→∞)=
Cxx+
2
µ¯3/2, (24)
Gyy(µ¯→ 0) = pi2 µ¯, Gyy(µ¯→∞)=
Cyy−
2
µ¯1/2. (25)
To convert Fxx, Fyy, Gxx and Gyy to conductivity, we
need only multiply by the factors that appear in front of
the curly brackets in Eqs. (18)-(21). These asymptotic
forms have proved to be very useful in the discussion of
our numerical results based on Eqs. (18)-(21). Here,
Cxx± = C
xx
1 ± Cxx2 , (26)
Cyy± = C
yy
1 ± Cyy2 , (27)
5where
Cxx1 =
∫ pi/2
0
√
cosφdφ =
1
G
, (28)
Cxx2 =
∫ pi/2
0
√
cosφ cos 2φdφ =
1
5G
, (29)
Cyy1 =
∫ pi/2
0
1√
cosφ
dφ = πG, (30)
Cyy2 =
∫ pi/2
0
cos 2φ√
cosφ
dφ = −πG
3
, (31)
with the Gauss constant G ≈ 0.8346. When the asymp-
totic forms from Eqs. (22)-(25) are used in the equations
for the conductivity, they provide an important link to
Dirac and semi-Dirac materials. For example, in the limit
of Ω → 0, σinterxx (Ω → 0) = Nf (πe2/4h)
√
2∆/mv2θ(Ω −
2µ) and σinteryy (Ω → 0) = Nf (πe2/4h)
√
mv2/2∆θ(Ω −
2µ). Both σinterxx and σ
inter
yy are constant in this regime
with the first proportional to
√
∆ which increases with
∆, and the second goes like 1/
√
∆ which decreases as
∆ increases. The ratio of these two variations goes as
2∆/mv2 and the square root of the product is equal to
πe2/4h (Nf = 1) which is independent of the material
parameters characterizing our Hamiltonian in Eq. (1),
namely, the mass m, gap ∆ and velocity v. It behaves
like graphene for which the value of the constant univer-
sal background conductivity is πe2/2h, but this is for a
degeneracy factor of 4. Here we have taken Nf = 1 but
as can be seen in Fig. 2 left top frame, here we are dealing
with two Dirac nodes and so we agree with graphene.
In the limit of large Ω → ∞, we recover the
semi-Dirac behavior described by our Hamiltonian
with ∆ = 0 in this case: σinterxx (Ω → ∞) =
Nf (e
2Cxx− /4h)
√
Ω/mv2θ(Ω − 2µ) and σinteryy (Ω → ∞) =
Nf (e
2Cyy+ /4h)
√
mv2/Ωθ(Ω − 2µ), where we have used
Eqs. (18), (19), (22) and (23). The gap has dropped out
of each of these quantities and they properly reduce to
the known results.37 In semi-Dirac σinterxx goes like
√
Ω and
σinteryy goes like 1/
√
Ω. As we have noted before for the
limit of Ω→ 0, here for Ω→∞ the material parameters
m, v,∆ also drop out of the square root of the product√
σinterxx σ
inter
yy which is equal to Nfe
2
√
Cxx− C
yy
+ /4h. This
differs from the Dirac case by the numerical factor of√
Cxx− C
yy
+ /π.
IV. RESULTS FOR INTER- AND INTRABAND
CONDUCTIVITY
In Fig. 3, we show our results for the interband conduc-
tivity σinterxx (Ω) and σ
inter
yy (Ω) as a function of Ω/2∆ in the
top frame (solid blue curve) and bottom frame (solid red
curve), respectively. These results are based on Eqs. (18)
and (19), respectively. Similar behavior has also been
found by Mawrie and Muralidharan36, where they have
0 5 10 15 20
Ω/2∆
0
1
σ
yy
(Ω
)
0
0.2
0.4
0.6
σ
x
x
(Ω
)
FIG. 3. The interband contribution to the dynamic conduc-
tivity σinter(Ω) as a function of photon energy normalized to
2∆. The top frame is for σinterxx (Ω) (blue curve) while the
bottom frame applies to σinteryy (Ω) (red curve), in units of
Nf (e
2/h)2
√
2∆/mv2 and Nf (e
2/h)
√
mv2/2∆, respectively.
Here, the chemical potential has been taken to be zero (charge
neutrality). The black dashed curves are for comparison and
are the results in the semi-Dirac case [∆ = 0 in the Hamil-
tonian of Eq. (1)]. These are given by 0.12
√
Ω/2∆ and
0.437
√
2∆/Ω, using the Ω¯ → ∞ limits of Eq. (22) and (23),
respectively.
considered one specific set of values for the parameters
versus our generic scaled curves shown here. While σxx
has a change from convex to concave at Ω = 2∆, σyy
displays a van Hove singularity. This can be traced to
the behavior of the electronic dispersion curves. In the
top frame of Fig. 2, we note a peak at k = 0 in the left
diagram and a minimum in the right. The density of
states N(ω) itself also has a van Hove singularity which,
in this case, is at ω = ∆. An analytic formula for N(ω)
in terms of elliptical integrals is given in Ref. 23. Here
we use
N(ω) =
Nf
π2h¯2
√
2m
v2
ω
∫ pi/2
0
dφ√
cosφ
θ(ω −∆sinφ)√
ω2 −∆2 sin2 φ
×[√ǫ+ +√ǫ−θ(∆− ω)], (32)
where ǫ± = ∆cosφ±
√
ω2 −∆2 sin2 φ. For ω → 0
N(ω) =
Nf
πh¯2
√
2m∆
v2
ω
∆
, (33)
60 1 2 3
ω/∆
0
2
4
6
N
(ω
)
FIG. 4. The electronic density of states N(ω) in units of
Nf
√
2m∆/(π2h¯2v) based on Eq. (32) (solid red curve). The
dashed green curve is the ω/∆ small limit Eq. (33) which
corresponds to ordinary Dirac and the dashed black is for the
semi-Dirac model [∆ = 0 in the Hamiltonian of Eq. (1)] and
given in Eq. (34).
which is the density of states for a Dirac material. For
ω →∞,
N(ω) =
Nf
π2h¯2
√
2m∆
v2
Cyy1
√
ω
∆
, (34)
which is the result for a semi-Dirac material.
Results for the density of states N(ω) in units of
Nf
√
2m∆/(π2h¯2v) as a function of ω/∆ are presented
in Fig. 4. The solid red curve is based on the numerical
evaluation of Eq. (32). Note the van Hove singularity
at ω = ∆. The dashed green line applies in the limit
ω/∆ → 0 [Eq. (33)] and the dashed black curve applies
in the limit ω/∆ → ∞ which is given by Eq. (34) and
is the result for a semi-Dirac material. We see that the
large ω asymptotic limit has not yet been reached in the
full results (red curve). Returning to the conductivity of
Fig. 3, we note that this quantity depends on velocity
factors [Eq. (3)] not part of the density of states. Also,
it is more closely related to a joint density of states for
initial and final states involved in an optical transition,
so we expect the van Hove singularity to be at Ω = 2∆.
For the yy direction the velocity involved is a constant v
while for the xx direction, it involves h¯kx/m which varies
with kx and is zero at kx = 0. The van Hove singularity
comes from the region kx ∼ 0 in k-space and the fac-
tor h¯kx/m ensures that this singularity is modified into
a simple change in slope for σinterxx (Ω). The dashed black
curves in Fig. 3 are for comparison with our merging
Dirac points model and are for the semi-Dirac limit.37 In
this model, the dependence on Ω goes as35,37 σxx ∼
√
Ω
and σyy ∼ 1/
√
Ω as seen here.
In Fig. 5, we plot again σinterxx (Ω) (top frame) and
σinteryy (Ω) (bottom frame) but now on a reduced range for
Ω/2∆ extending only to 5. This emphasizes the small Ω
region where Fxx(Ω¯) = π/8 and Fyy(Ω¯) = π/4 [Eqs.(22)
0 1 2 3 4 5
Ω/2∆
0
0.5
1
1.5
σ
yy
(Ω
)
0.35
0.4
σ
x
x
(Ω
)
FIG. 5. The interband optical conductivity σinter(Ω) as
a function of Ω/2∆ in a limited range Ω/2∆ ≤ 5. The
units on σinterxx (Ω) are Nf (e
2/h)2
√
2∆/mv2 (blue curve, top
frame) and Nf (e
2/h)
√
mv2/2∆ (red curve, bottom frame) for
σinteryy (Ω). The dashed black horizontal lines apply to the pure
Dirac limit discussed in the text and agree perfectly with the
solid lines at small Ω/2∆.
and (23), black dashed lines]. While for Ω → 0, results
for the Dirac limit hold, this does not extend very far.
By Ω/2∆ = 0.5, the deviations are already of order 10%.
These deviations capture the effect of a variable ∆ as the
merger of the two Dirac points proceeds and is central to
our model Hamiltonian in Eq. (1).
Next we consider the intraband (Drude) contribution
to the conductivity given by Eq. (20) and (21) for the
xx and yy directions, respectively. The Drude weight W
of the delta function is shown in Fig. 6 as blue and red
solid curves as a function of normalized chemical poten-
tial µ/∆ at T = 0 with the units set by the prefactors
outside the curly brackets in Eqs. (20) and (21). In the
conductivity there is a Dirac delta function, while for the
optical spectral weight, the delta function is replaced by
a factor of 1/2. Structures in these curves are expected
at µ/∆ = 1 analogous to what we saw in the interband
optical transitions (in which case the structures are at
Ω/2∆ = 1). The red curve shows a sudden increase
while the blue curve shows a more modest decrease. Also
shown for comparison, as dashed curves, are the asymp-
totic results given in Eqs. (24) and (25) for the Gxx and
Gyy functions in the µ¯ >> 1 limit. These forms corre-
spond to the semi-Dirac limit which results when ∆ is
70 1 2 3 4 5
µ/∆
0
2
4
6
8
10
W
xx
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FIG. 6. The intraband optical conductivity spectral weightW
as a function of µ/∆. The units are 2∆Nf (e
2/h)
√
2∆/mv2
for xx and Nf (e
2/h)
√
2mv2∆ for yy. The corresponding
dashed curves are for the semi-Dirac case when ∆ = 0 in
the Hamiltonian. The units on the square root quantity are
Nf2∆e
2/h. In these units, Wxx (dashed blue) is C
xx
+ µ¯
3/2/2,
Wyy (dashed red) is C
yy
−
√
µ¯/2 and the slope of the solid red
and solid blue curves at small µ/∆ is πµ¯/2, which merges
with the Dirac model result.
taken to be zero. We have plotted these over the entire
range of µ/∆ from 0 to 5. While we expect that at larger
µ¯ these forms will merge with our complete numerical
results (solid curve) this has not yet occurred at µ¯ = 5
where the asymptotic forms are lower in magnitude by
order of 10%, with variation, however, close to the nu-
merical curves. In the energy range around µ/∆ = 1 to 2,
the red and blue curves have distinctive behaviors which
relate directly to the merging of the two Dirac points into
one and also provide a measure of the gap. As the gap is
reduced, the doping level needed to sample this critical
region is reduced and the intraband transitions could be
used to probe the phase transition which occurs at ∆ = 0.
Note that below ∼ µ¯ = 1, the semi-Dirac curves deviate
very strongly from the complete numerical curves which
merge and become linear over a significant region below
µ¯ = 1. Instead, in semi-Dirac σintraxx goes like (µ/∆)
3/2
and σintrayy like (µ/∆)
1/2 (the ratio of which goes as µ as
was also previously shown37,41).
In Fig. 7, we present results for the square root quan-
tity
√
WxxWyy in units of Nf2∆e
2/h (dashed black
curve) which we compare with Wxx (blue curve) and
Wyy (red curve). This new curve (dashed black) is lin-
ear at small µ/∆ and identical to the red and blue re-
sults. All three curves have slope π/2. Beyond µ/∆ ∼ 2,
the dashed black curve again becomes nearly linear with
slope close to its semi-Dirac value of
√
Cxx+ C
yy
− /2 (dashed
green curve).
It is of interest to compare the results of Fig. 7 for√
WxxWyy with similar results for the interband tran-
sitions. In Fig. 8, we show
√
σinterxx σ
inter
yy versus Ω/2∆
0 1 2 3 4 5
µ/∆
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FIG. 7. The intraband optical conductivity spectral weight
W as a function of µ/∆ with units as described in Fig. 6. The
dashed black curve gives the spectral weight for the quantity√
WxxWyy in units of Nf2∆e
2/h, and is obtained from the
product of the solid red and solid blue curves. The dashed
green lines are the pure Dirac case of πµ¯/2 at small µ/∆
and the semi-Dirac limit of
√
Cxx+ C
yy
−
µ¯/2 at larger values of
µ/∆ ≥ 2.
in units of
√
2e2/h (black dashed curve) with our pre-
vious results for σinterxx (Ω) in units of (e
2/h)2
√
2∆/mv2
(solid blue) and σinteryy (Ω) in units of (e
2/h)
√
mv2/2∆
(solid red). It is clear that the prominent van Hove sin-
gularity in this last curve at Ω/2∆ = 1 is reflected in
the results for the square root of the product (dashed
black). This is in contrast to the dashed black curve
of Fig. 7 for the chemical potential (µ) variation of
the Drude spectral weight. This latter quantity, in
comparison, shows little structure at µ/∆ ≈ 1. Note
also that on the scale chosen for Fig. 8, the conduc-
tivity σinterxx (Ω) shows little variation with photon en-
ergy. The dashed green horizontal line at small Ω is for
comparison and gives the Dirac limit equal to π/(4
√
2)
which agrees with the dashed black curve, while for large
Ω/2∆, the dashed green horizontal line is for semi-Dirac
at
√
Cxx+ C
yy
− /(4
√
2) and this also agrees well with the
dashed black curve. We see that
√
σinterxx σ
inter
yy versus
Ω/2∆ has evolved from Dirac to semi-Dirac but the
results around Ω/2∆ = 1 deviate substantially from
these two limiting cases and reflect the effect of a fi-
nite value of ∆ on the conductivity
√
σinterxx σ
inter
yy . Note
results for the ratio σinterxx (Ω)/σ
inter
yy (Ω) in the limit of
Ω/2∆ → 0 and Ω/2∆ → ∞ are, respectively, 2∆/mv2
and (Cxx− /C
yy
+ )/(Ω/mv
2). For σinterxx (µ)/σ
inter
yy (µ) in the
limit of µ/∆ → 0 and µ/∆ → ∞, it is 2∆/mv2 and
(2µ/mv2)(Cxx+ /C
yy
− ), respectively. Of particular impor-
tance is the fact that σinterxx (Ω)/σ
inter
yy (Ω) at Ω = 0 is
equal to 2∆/mv2 which is a simple ratio of the two en-
ergy scales in our Hamiltonian, namely, 2∆ andmv2. For
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FIG. 8. The interband contribution to the dynamic conduc-
tivity as a function of photon energy Ω/2∆ in the same units
as Fig. 3. Here only the range up to Ω/2∆ = 5 is shown
and we compare σxx (blue curve) and σyy (red curve) with
the quantity
√
σxxσyy, this latter having units of Nf
√
2e2/h
(dashed black curve). The dashed green curves at small pho-
ton energy and near Ω/2∆ <∼ 5 are for the known Dirac
and semi-Dirac limits37 equal to π/(4
√
2) at small Ω/2∆ and√
Cxx
−
Cyy+ /(4
√
2) around Ω/2∆ <∼ 5, respectively.
fixed value of mv2, small ∆ implies that σinterxx (Ω = 0) is
much smaller than is σinteryy (Ω = 0), a fact which can be
used to monitor the approach to the phase transition at
∆ = 0. At large values of Ω/2∆, σinterxx (Ω)/σ
inter
yy (Ω) re-
duces to (Cxx− /C
yy
+ )(Ω/mv
2) which could provide a mea-
sure of the scale mv2.
V. TRANSPORT: DC CONDUCTIVITY AND
WIEDEMANN-FRANZ
In the clean limit, the dc conductivity as a function of
temperature is given by Eq. (15) and (16) with the Dirac
delta function δ(Ω) replaced by 1/2Γ, where Γ is the scat-
tering rate. After simplifications, σdc(T ) can be written
in terms of the universal functions Gxx(µ¯) and Gyy(µ¯),
defined the expressions given inside the curly brackets of
Eq. (20) and (21), respectively. We obtain
σdcxx(T ) = Nf
e2
h
1
ΓT¯
∆3/2√
2mv2
∫ ∞
0
dω¯Gxx(ω¯)
cosh2(ω¯/2T¯ )
, (35)
where we have assumed charge neutrality (no doping or
µ = 0). Here, µ¯ = µ/∆, T¯ = T/∆, and ω¯ = ω/∆.
Likewise,
σdcyy(T ) = Nf
e2
h
1
4ΓT¯
√
2mv2∆
∫ ∞
0
dω¯Gyy(ω¯)
cosh2(ω¯/2T¯ )
. (36)
The thermal conductivity κ(T ) as a function of temper-
ature T or more precisely κxx(T )/T and κyy(T )/T fol-
lows from Eqs. (35) and (36) with an additional factor
of (ω¯/T¯ )2 included in the integration over ω¯ and the fac-
tor of electric charge squared is dropped. The Lorenz
number L(T ) is related in the usual way to σdc(T ) and
κ(T )/T and is given by
L(T ) =
κ(T )
Tσdc(T )
. (37)
We note that in this work L(T ) will depend on direction
(x, x) or (y, y) as does the electrical conductivity σdc(T )
and the thermal conductivity κ(T ). For the numerical
evaluation of Eqs. (35) to (37), it is convenient to intro-
duce new functions Gxx1 (T¯ ) and G
xx
2 (T¯ ) and equivalent
quantities for the yy direction with
G1(T¯ ) =
∫ ∞
0
dx
cosh2 x
G(ω¯ = 2T¯x) (38)
and
G2(T¯ ) =
∫ ∞
0
x2dx
cosh2 x
G(ω¯ = 2T¯ x), (39)
where for convenience we have suppressed the directional
index xx and yy. The function G1(T¯ ) enters the dc elec-
trical conductivity while G2(T¯ ) enters the thermal con-
ductivity. Specifically, σdc(T ) of Eqs. (35) and (36) take
the form
σdcxx(T ) = Nf
e2
h
2
Γ
∆3/2√
2mv2
Gxx1 (T¯ ), (40)
σdcyy(T ) = Nf
e2
h
1
2Γ
√
2mv2∆Gyy1 (T¯ ) (41)
and
κxx(T )
T
= Nf
1
h
8
Γ
∆3/2√
2mv2
Gxx2 (T¯ ), (42)
κyy(T )
T
= Nf
1
h
2
Γ
√
2mv2∆Gyy2 (T¯ ). (43)
The Lorenz numbers in the xx and yy directions are then
Lxx(T ) =
4
e2
Gxx2 (T¯ )
Gxx1 (T¯ )
, (44)
Lyy(T ) =
4
e2
Gyy2 (T¯ )
Gyy1 (T¯ )
. (45)
In Fig. 9 and 10, we present our numerical results
for the transport in the x and y directions, respectively.
What is plotted are the functions G1, G2 and G2/G1.
The curves can be interpreted directly in terms of elec-
trical (G1) and thermal (G2) conductivity and Lorenz
number. In this case the units on σdcxx are Nf
e2
h
2
Γ
∆3/2√
2mv2
and on σdcyy are Nf
e2
h
1
2Γ
√
2mv2∆, while for κ(T )/T they
are, respectively, Nf
1
h
8
Γ
∆3/2√
2mv2
and Nf
1
h
2
Γ
√
2mv2∆. For
L the units are 4/e2. The solid red curves are for G2(T¯ )
and solid blue forG1(T¯ ), while the solid black gives L(T ).
The xx and yy results are given in Figs. 9 and 10, respec-
tively.
Analytic results can be obtained in the low tempera-
ture limit. In this case, the integrands in Eqs. (38) and
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FIG. 9. The G functions related directly to the temperature
dependent dc conductivity σdc(T ) by Eqs. (40) and (41), to
the thermal conductivity κ(T ) through Eqs. (42) and (43),
and to the Lorenz number L(T ) by Eqs. (44) and (45). The
solid blue curve is for for the dc conductivity σdcxx(T ) and
solid red is for the thermal conductivity κxx(T )/T . The cor-
responding dash-dotted curves are for comparison to the re-
sults of the complete calculation and are for the semi-Dirac
case. The dashed green curves are the pure Dirac case, both
are linear in T/∆ and, for a limited range around T/∆ ∼ 0,
agree well with the full calculations for our merging Dirac
point model. The dashed purple lines around T/∆ ∼ 0 and
around T/∆ ∼ 5 agree well with the solid black curve and are
the results for the Lorenz number in the Dirac and semi-Dirac
cases, respectively. The inset is a blow up of the small T/∆
region for the Lorenz number.
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FIG. 10. Same as in Fig. 9 but now the results are for the yy
direction.
(39) are highly peaked about ω¯ ∼ 0 and G(ω¯) ≃ πω¯/2
[see Eq. (24) and (25)]. We obtain
G1(T¯ ) = πT¯
∫∞
0
xdx
cosh2 x
= πT¯ ln 2 = 2.18T¯ , (46)
G2(T¯ ) = πT¯
∫∞
0
x3dx
cosh2 x
= 1.35πT¯ = 4.24T¯ . (47)
The dashed green lines in both Figs. 9 and 10 show
that this agrees with our numerical work but that the
asymptotic forms hold only over a small temperature
interval. It is also interesting to compare our results
with those based on the Hamiltonian in Eq. (1) but with
∆ = 0 which corresponds to the semi-Dirac limit. In
this case, Gxx(ω¯) = Cxx+ ω¯3/2/2 and Gyy(ω¯) = Cyy−
√
ω¯/2
over the entire energy range while it also applies to the
ω¯ →∞ limit of our more complicated model as recorded
in Eq. (24) and (25). We obtain
Gxx1 (T¯ ) = C
xx
+
√
2T¯ 3/2
∫∞
0
x3/2dx
cosh2 x
= 1.46T¯ 3/2, (48)
Gxx2 (T¯ ) = C
xx
+
√
2T¯ 3/2
∫∞
0
x7/2dx
cosh2 x
= 3.88T¯ 3/2, (49)
Gyy1 (T¯ ) =
Cyy−√
2
T¯ 1/2
∫ ∞
0
x1/2dx
cosh2 x
= 1.87T¯ 1/2, (50)
Gyy2 (T¯ ) =
Cyy−√
2
T¯ 1/2
∫ ∞
0
x5/2dx
cosh2 x
= 2.52T¯ 1/2, (51)
for the semi-Dirac model. These results are shown in
Figs. 9 and 10 for comparison with our numerical results
based on our Hamiltonian with finite ∆. They are given
as the dash dotted red curve for the thermal conductivity
and the blue for the electrical conductivity. We see that
solid and dash-dotted curves track each other reasonably
well over the entire temperature range shown but there
are differences. The T/∆ → 0 limits are different and
the magnitude of the curves also change. This shows
that finite ∆ results differ somewhat from semi-Dirac.
Finally, we turn to the solid black curves in Fig. 9 and
10 which relate to the Lorenz number given by the ratio
G2(T¯ )/G1(T¯ ) in our chosen units of 4/e
2. In the Dirac
limit which applies to our model at very low temperature,
we get 1.94 shown as the purple dashed curve and this ap-
plies to both directions. For the semi-Dirac limit, we get
2.66 for xx and 1.35 for yy, again shown as purple dashed
curves around T¯ = 5. This holds for any T¯ in semi-Dirac.
We note that our numerical results (black curve) agree
well with the limit at the higher temperatures shown but
at intermediate temperatures there are differences. In
particular, the differences are quite significant in the low
temperature region shown in the inset to each of Fig. 9
and 10. Since we are in the clean limit, the temperature
variations shown in the Lorenz number are due entirely
to bandstructure effects. Over the entire temperature
range shown Lxx starts at 1.94 near T¯ = 0 and rises to
2.65 at T¯ = 5 (an increase), while Lyy goes from 1.94
to 1.35 (a decrease). In a recent preprint, Lavasani et
al.
47 have emphasized that the electron-phonon interac-
tion can lead to violations of the Wiedemann Franz law
even in a Fermi liquid. Here we find such violation due
entirely to bandstructure effects.
VI. DISCUSSIONS AND CONCLUSIONS
We have examined a model Hamiltonian for merging
Dirac points which is characterized by a velocity v, mass
10
m and energy gap ∆. We have shown that the interband
optical conductivity in the xx direction at zero photon
energy is equal to (πe2/4h)
√
2∆/mv2 and in the yy di-
rection (πe2/4h)
√
mv2/2∆ so that the square root of
their product
√
σinterxx (0)σ
inter
yy (0) = πe
2/4h, which is ex-
actly the value of the graphene universal constant value
accounting for degeneracy factors. This is the relativistic
Dirac limit. The dimensionless factors
√
mv2/2∆ which
cancel out of the product quantity show that the ratio
σinterxx (0)/σ
inter
xx (0) goes like 2∆/mv
2 and changes from a
value smaller than one as 2∆ < mv2 to a value larger
than one for 2∆ > mv2. Consequently, this ratio could
be used to obtain information on the relative size of the
gap as compared with mv2.
As the photon energy Ω is increased out of zero, the
interband background changes in contrast to graphene
where it remains constant. For large Ω/2∆ it evolves to
the semi-Dirac value which is (e2/4h)Cxx−
√
Ω/mv2 for
xx and (e2/4h)Cyy+
√
mv2/Ω for yy. That is, propor-
tional to the square root of Ω for xx and inversely for
yy. Here, Cxx− = 0.902 and C
yy
+ = 1.75. Note that in
this limit, the ratio σinterxx (Ω → ∞)/σinteryy (Ω → ∞) =
(Cxx− /C
yy
+ )(Ω/mv
2) which is proportional to photon en-
ergy normalized to the characteristic energy mv2 associ-
ated with our Hamiltonian. There is no dependence on
the energy gap ∆ in this limit.
Between the small (Dirac) and the large (semi-Dirac-
like) Ω limits, there are large deviations from both these
limiting behaviors which provide information on how the
phase transition from finite ∆ to ∆ = 0 manifests in
the conductivity. The conductivity σinteryy (Ω) displays a
large van Hove singularity at Ω = 2∆ while σinterxx (Ω)
only shows a change in slope from concave downward to
upward. The square root of the product of these two
quantities also shows a van Hove singularity at Ω = 2∆.
At small Ω, it agrees with the pure relativistic Dirac limit
and at large, with semi-Dirac37.
For the intraband contribution to the conductiv-
ity (Drude component), we find it to have opti-
cal spectral weight at chemical potential µ → 0 of
(πe2/h)
√
2∆/mv2µ and (πe2/h)
√
mv2/2∆µ for σintraxx
and σintrayy . The material factor
√
2∆/mv2 drops out
of the square root of their product which behaves as in
graphene and is equal to e2πµ/h. As µ is increased, the
intraband conductivity evolves into its value for semi-
Dirac37 (a µ3/2 behavior). Between the small and large
µ regime, large deviations are predicted which carry the
information on the evolution of the system between these
two limits as seen in optical experiments. But these are
much smaller in the Drude weight as a function of µ than
they are in the longitudinal dynamic conductivity as a
function of photon energy Ω/2∆.
Transport properties have also been studied as a func-
tion of temperature T . The dc conductivity is linear
in T at low temperature with the material parameter√
2∆/mv2 dropping out of the square root of the product√
σintraxx (T → 0)σintrayy (T → 0) = 2πT ln 2(e2/h), which is
the value for a pure 2-dimensional relativistic material.
As temperature is increased, the dc conductivity evolves
towards the T 3/2 (for xx) and T 1/2 (for yy) behavior
of semi-Dirac with ∆ = 0, but remains somewhat be-
low the full numerical calculations, a somewhat different
magnitude in the temperature range considered up to
T/∆ = 5. The electronic thermal conductivity evolves
similarly. The Lorenz number shows temperature depen-
dence. Lxx starts at the graphene value of 2.4L0, with
L0 = π
2/3e2, then has a dip around T/∆ ∼ 0.25 and then
increases gradually towards the semi-Dirac value for this
direction which is 3.3L0. L
yy starts at the same value of
2.4L0 as T → 0 but has a maximum around T/∆ ∼ 0.25
and then slowly decreases towards the value 1.67L0, the
semi-Dirac value for the yy direction, which is half the xx
value. The square root of the product
√
LxxLyy ≃ 2.4L0,
which is the same as for graphene and this quantity is
nearly independent of temperature.
In conclusion, we have elucidated a variety of the fea-
tures of merging Dirac points in optics and transport
which may aid in identifying such a system and deducing
key model parameters.
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